
F I L T I t A T I O N  O F  N O N - N E W T O N I A N  L I Q U I D S  

S. W r o n s k i  a n d  L .  L a s k o w s k i  UDC 532.135:532.685 

An analys is of theore t ica l  and exper imenta l  data re la t ing  to  non-Newtonian f i l t ra t ion is p resented .  
A f i l t ra t ion equation is propos ed for  suspens ions .  

The  f i l t ra t ion of non-Newtonian liquids in o rder  to  s e p a r a t e  the  solid par t ic les  of a suspens ion  f r o m  a 
polymer  solution or mel t  is now beginning to  acqu i re  industr ia l  s igni f icance .  

T h e r e  a r e  two quite different  methods of s epa ra t i on  by f i l t ra t ion.  The  f i r s t  r e l a t e s  to  the sepa ra t ion  of 
dilute and colloidal suspensions  and is based on the  set t l ing of the solid par t ic les  on the wel l -developed su r f ace  
of the channels inside the f i l ter ing l aye r .  The  second is app rop r i a t e  for  separa t ing  suspens ions  with a high 
concentra t ion of the solid phase  and is based on the sift ing act ion of the  f i l ter ing b a r r i e r .  During f i l t ra t ion 
the solid par t ic les  fo rm a layer  of deposi t  o n t h e  su r f ace  of the  f i l te r  f abr ic .  This  method applies  to  non- 
Newtonian liquids and is the one which will be  considered in this paper .  Up to  the p resen t  t i m e  only a few 
papers  have been devoted to  this subjec t  [1-8]. 

Theore t ica l ly ,  f i l t ra t ion may b e  r ep re sen t ed  in the  f o r m  of the mot ion of liquid through a porous layer  
of va r i ab le  th ickness .  However,  such  a r ep re sen ta t i on  does not cor respond  to the t r u e  cou r se  of the  p rocess  
even for s imp le  non-Newtonian liquids. The  layer  of f i l ter ing deposi t  is usually c o m p r e s s i b l e  and consis ts  of 
i r r egu la r ly  shaped grains  with a broad s i ze  d is t r ibut ion.  In sp i te  of this fact  the  s implif ied solutions of the 
equations of mot ion in the f i l ter ing layer  a r e  s t i l l  ve ry  useful .  F r o m  these  we may  de r ive  an equation for  a 
model  of the p r o c e s s ,  containing empi r i ca l  p a r a m e t e r s  with a spec i f ic  p h y s i c a l  meaning.  In the ensuing d i s -  
cussions we sha l l  a s s u m e  the following conditions r ega rd ing  the f i l t ra t ion p r o c e s s ,  the  p roper t i es  of the  liquid, 
and the mechan i sm of its motion:  The ra t e  of sed imenta t ion  of the solid par t ic les  in the suspens ion  may be 
neglected;  the f i l t r a te  is an incompress ib l e  Stokes liquid; the motion of the liquid through the deposi t  has a 
l aminar  cha rac t e r ;  in view of the ex t remely  low veloci ty  of the liquid we may  use  the cap i l l a ry  model  of its 
mot ion based on the concept of the hydraulic d i a m e t e r .  

The  equation of one-d imens ional  f i l t ra t ion of a non-Newtonian liquid through a c o m p r e s s i b l e  res idue  
(generalized Darcy  equation) may  be expressed  in the f o r m  [5] 

=(u x-exr~-up~) t ( (dp)  ~.r -~x �9 (1) q= 

In Eq. (1) the direction of motion of the liquid is opposite to the direction of the coordinate axis (Fig. 1). 
The quantity qx depends on the distanoe from the filtration barrier, since the volume of the filtrate increases 
on account of the liquid displaced from the deposit by reason of its oompressibility. It should be emphasized 
that the effect of the motion of the solid grains in the deposit is only appreciable in suspensions with a high 
concentration of the solid phase. 

The question as to the existence of boundary effects during the filtration of a polymer solution repre- 
sented in Eq. (1) by the apparent slip velocity Upx remains contentious. Some authors [2], however, insist on 
the existence of slip during motion through the granular layer as a result of the adsorption of the polymer on 
the  su r f ace  of the solid pa r t i c l e s .  

The  effect ive v iscos i ty  may  be de te rmined  on the bas is  of any model  of the liquid and type of motion 
through the packing .  

Since in the  f i l t ra t ion of non-Newtonian liquids one mos t  f requent ly  encounters  suspens ions  with a low 
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Fig.  i .  Schemat ic  r ep re sen t a t i on  of the p r o c e s s :  1) 
suspension;  2) deposit ;  3) f i l t ra t ion  b a r r i e r .  

content of the solid phase,  in the ma jo r i ty  of cases  the f i l t ra t ion veloci ty Ux along the d i rec t ion  of flow will be 
approx imate ly  constant  and equal to the veloci ty  at the su r f ace  of the f i l t ra t ion  b a r r i e r  u 1. Neglecting poss ib le  
boundary effects ,  which a r e  only of f o r m a l  s ignif icance  in Eqo (1) on account of la ter  s impl i f ica t ions ,  we ob- 
t a i n  

q'~ = ul - dt Pet - ~  �9 (2) 

Equivalent to this formula t ion  for  liquids obeying a theo logica l  power law 

= kv" (3) 

is the  s imple  Chr i s topher  - -  Midd leman equation [9] 

u . . . .  ( 4 )  
dx 

where  
l - -n  

, =  (9_ 2. 
Using the definit ion of the  pe rmeab i l i ty  coefficient  of the  deposi t  and the re la t ionship  between the th ickness  of 
the  layer  of deposi t ,  its m a s s ,  and the volume of the f i l t ra te ,  Eq. (4) may be brought to the fo rm 

( 1  dp ) 'In 
ul = kx~ dw x " (5) 

In Eq~ (5) Xx r e p r e s e n t s  the  modified speci f ic  r e s i s t a n c e  of the deposit  de te rmined  by the equation 
r t+ l  n--1 

( 2 

X~ = % I 4n ] Te~ 

For  a Newtonian liquid, Eq. (6) reduces  to the well-known equation 

2TS a (i - -  e~) (7) 

We introduce the d i f ferent ia l  of the p r e s s u r e  compres s ing  the deposi t  (Fig. 1) into Eq. (7), and assuming  
that  the spec i f ic  r e s i s t a n c e  XxiS a function of the  compres s ing  p r e s s u r e ,  in tegra te  it over  the whole thickness  
of the deposi ted layer  (w x = 0; w x =w) :  

P--Pj 

I dp, -- k (ul) n a~. (8) 
�9 )~x  
0 

For  non-Newtonian f i l t ra t ion the a v e r a g e  modified speci f ic  r e s i s t a n c e  XR is calculated f rom the equation 

P - -  Pi 
�9 (9) ~R "~- P--P~ 

f dP �9 d x . ~  
o 

Taking the p r e s s u r e  of the liquid on the outer side of the f i l t ra t ion b a r r i e r  as zero  (P = 0), we may 
s impIy  d e t e r m i n e  the r e s i s t a n c e  of the f i l t ra t ion b a r r i e r  and e l iminate  the p r e s s u r e  Pl : 
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Fig .  2.  F i l t r a t i on  of su spens ions  with v a r i o u s  p rop -  
e r t i e s  of the depos i t  [6]: c a r b o x y m e t h y l e e l l u l o s e  
--  s i l i con  dioxide,  n = 0.515, c = 120 g / l i t e r ;  p r e s -  
s u r e :  1) 5 t ech .  a t m ,  2) 7; 3) 9; 4) 12; 5) 15; c a r -  
b o x y m e t h y l c e l l u l o s e - - a l u m i n u m  oxide,  n = 0A67 ,  
c = 175 g / l i t e r ;  6) 5 t e c h .  a t m .  (d t /dV)n '103 ,  
(sec /m3)n;  V, m 3. 

Pl = kR~u'~ . 

Using the  r e l a t i onsh ip  u 1 = dV/d t  we obtain the  d i f fe ren t ia l  f i l t r a t ion  equat ion 

(i 0) 

dt ~- ( ~ - )  fin (XR) 1]n i v -~- Vm) l/n dr, (ii) 

Vm- R~ 
cZR 

For isobaric filtration, after integration over the ranges (V = 0, V) and (t = 0, t), Eq. (11) takes the 
f o r m  [6] 

n + l  n + l  
(V+Vm)--g- V--g-=[ l_l_'lx/n ( n + l  ) ( l]n (12) 

If filtration at constant pressure is preceded by a transient period, after integrating Eq. (11) over the ranges 
(V 0, V) and (0, t) we obtain 

n + l  n + l  

(v + v.,) - (Vo + v . )  k~-R / k ~ /  (13) 

l n+1 n+ 
= - -  [ ( v  + vm)  ~ - -  v m  ~ ] + ~ (vo ,  vm) .  t 

o r  

Kozicki  et a l .  
obtained the  equat ion of i s o b a r i c  f i l t r a t ion  in the  f o r m  

kc ] =~[(V+Vm)" --Vm # 1, 

(i4) 

where  

[2] used  t he i r  own mode l  of the  mot ion  t h rough  the  l aye r ,  a l lowing for  the  s lip ve loc i ty ,  and 

! 

~ = v ~  l - -  , V,~=R---v- ~ , 
�9 cY R 

(i5) 

(15a) 

and also 

.>sin till+n,> 
~'x = cox s~ n ( l  + ~) (15b) 
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The  possibi l i ty  of using Eqs .  02)  and (15) has been demons t ra ted  exper imenta l ly  for f i l t ra t ion s y s t e m s  
with not too high a concent ra t ion  of the  solid phase  in po lymer  solutions of low concentra t ion  [1,2,4,  6]. In 
t h e s e  s y s t e m s  the  empi r i ca l  c h a r a c t e r i s t i c s  of the r e s i s t a n c e  of the  layer  )~R or x mainta in  constant values 
during the f i l t ra t ion p rocess  (Fig. 2, s t r a igh t  lines 1-5).  

It is r ea sonab le  to  a s s u m e  on the bas is  of [1,4, 6] that  the absorp t ion  equil ibrium establ ished in the f i l -  
t r a t i o n  suspens ion  r em a i ns  intact dur ing the whole f i l t ra t ion  p r o c e s s .  In view of th is ,  when descr ib ing  the 
p roper t i es  of the liquid during f i l t ra t ion,  it i s  just i f iable  to  use  the theo log ica l  p a r a m e t e r s  of the f i l t r a te .  

The  f i l t ra t ion  of highly concentra ted  suspens ions  was cons idered  in [5], using the method of T i l l e r  and 
Shira to  [11,10] for  non-Newtonian l iquids.  A f i l t ra t ion  co r rec t ion  fac tor  Jn  was introduced into the solution, 
al lowing for the change in the veloci ty  of the liquid through the c o m p r e s s i b l e  depos i t .  The  di f ferent ia l  f i l t r a -  
t ion  equation then took the s i m p l e  f o r m  

( dV ) ~ (P - -P1 )  
u ? =  ~ = kcz~J,~w (16) 

The  a v e r a g e  speci f ic  r e s i s t a n c e  a R is g iven by Eqs .  (7) and (9). As before ,  introducing the concept of the 
r e s i s t a n c e  of the  f i l t ra t ion  b a r r i e r ,  Eq.  (16) may be put in the  f o r m  

dV ] o~ 

where  

o~ = ka R jn c 

In a gene ra l  cons idera t ion  of the  question it should be  emphasized that  the  s t r u c t u r e  of the  deposit  in the 
case  of non-Newtonian f i l t ra t ion dif fers  f r o m  that  encountered in ord inary  l iquids.  It is r ea sonab le  to  consider  
tha t  this is due to  the  adsorpt ion  of the  po lymer  on the su r f ace  of the  solid pa r t i c l e s .  Thus,  on the  basis  of our 
p r e s e n t  exper iments  alone we cannot de t e rmine  the mechanica l  p roper t ies  of the deposi t ,  i . e . ,  its r e s i s t a n c e ,  
compress ib i l i t y ,  etc. ,  by using m e a s u r e m e n t s  of the  f i l t ra t ion of suspens ions  in ordinary  l iquids.  

Fo r  ce r t a in  f i l t ra t ion  s y s t e m s ,  especia l ly  those  with a higher concentra t ion  of the po lymer  in the so lu -  
t ion,  Eqs .  (12) and (15) a r e  inapplicable (curve 6, Fig.  2). In view of th is ,  the authors of [5] p roposed  an  i so -  
ba r i c  f i l t ra t ion  equation based  on a model  according  to which the comple te  cycle  of i sobar ic  f i l t ra t ion  consis ts  
of the  following s tages  : a shor t  initial  period when the p r e s s u r e  Pl over  the f i l t ra t ion b a r r i e r  is approx imate ly  
equal to the  p r e s s u r e  p (in this period czlR, Jn, n) while the  f i l t ra t ion p r e s s u r e  va r i e s  with t ime ;  the ma in  
period of f i l t ra t ion  in which Pl is cons iderab ly  s m a l l e r  than p while the p a r a m e t e r s  ~R, Jn, n, a n d p a r e ,  in 
pr inciple ,  constant .  In view of th is ,  Eq.  (17) allows for the initial  period by introducing the a r b i t r a r y  func- 
t ion  F (V) : 

F(V): / :O,  O < V < V i ,  

F (V) = O, V > v~. ( is)  

Af te r  in tegrat ion over  the ranges  0-V and 0-t ,  by analogy with Eq. (14) we obtain 

n +  I n 2 - ~  

t =  __1 [(V+V~,) ~ - -V~ n ] + t  o . (19) 
60 

Expanding (19) in s e r i e s  and making s o m e  s impl i f ica t ions ,  the authors  in question obtained the re la t ionship  

n~ ' l  1 

t = ---I V " + NV -~ + t o , (20) 
0) 

where  

:V:: :7 +-1 .Vm = V m [  k%J,,  ]~.:" 
'7 0, L - - ~ - c  . . . .  

The  p a r a m e t e r s  of Eq. (20), namely ,  n, w, N, and t 0, should be  chosen on the basis  of the resu l t s  of f i l t ra t ion 
m e a s u r e m e n t s .  The  computing p rocedure  r ecommended  by the authors  lies in specifying a se t  of quantities n 
and then  de te rmin ing  the  values of N, co, and t o by the  method of leas t  s q u a r e s .  The  b a r r i e r  constant Vm 
should,  in turn ,  be  de te rmined  f r o m  the resu l t s  of f i l t ra t ion m e a s u r e m e n t s  on an aqueous solut ion containing 
the  s a m e  solid phase .  The  index n is then a quantity depending on the conditions of the  p rocess  and cannot be  
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de te rmined  on the bas i s  o f  independent m e a s u r e m e n t s  of the  rheologica l  p a r a m e t e r s  of the  liquid. 

An aualys is  of the resu l t s  of our own investigations showed, however ,  that  the essent ia l  cause  of the  
observed phenomena (the cour se  of the  p rocess  r ep re sen ted  by curve  6 of Fig .  2) is the var iab i l i ty  of the  s p e -  
cific r e s i s t a n c e  of the deposi t  during the comple te  f i l t ra t ion  cycle  [5, 7, 8]. 

In order  to  justify this a s se r t i on ,  it should be  emphasized  that  s i m i l a r  anomal i e s  a l so  appear  during the  
f i l t ra t ion  of Newtonian liquids [12-18]. In this case  the p rob l ema t i ca l  question as to  changes taking place in 
the  index n according  to  the  f i l t ra t ion conditions does not a r i s e .  Excluding chemica l  or biological  changes 
and end effects ,  we may explain these  phenomena by the dependence of the a v e r a g e  speci f ic  r e s i s t a n c e  on the 
dura t ion  of the p rocess  (or the  r a t e  of fo rmat ion  of the  deposi t ) .  It should be  emphasized that  when the  poly-  
m e r  is adsorbed on the solid par t ic les  the deposi t  formed in non-Newtonian f i l t ra t ion  p o s s e s s e s  the p roper t i e s  
of amorphous  g r e a s y  s l imes .  

The  model equation of non-Newtonian f i l t ra t ion  p re sen t ed  in this paper  was accordingly der ived f r o m  the 
following p r e m i s e s  : 

to  a f i r s t  approximat ion ,  the index n is constant  and cor responds  to  the value obtained f r o m  theologica l  
m e a s u r e m e n t s  of the f i l t ra te  in the  r ange  of s l ip  veloci t ies  occur r ing  in the cour se  of f i l t ra t ion;  

the spec i f ic  r e s i s t a n c e  of the deposi t  ( i .e . ,  its s t ruc tu re )  is va r i ab l e  in t i m e  over  the comple te  cycle  of 
i sobar ic  f i l t ra t ion and depends on the instantaneous shea r  v e l o c i t y  (shear s t r e s s e s )  during the  fo rmat ion  of the 
d epos it; 

the  r e s i s t ance  of the f i l t ra t ion b a r r i e r ,  if n e c e s s a r y ,  is neglected; 

the  main  period of i sobar ic  f i l t ra t ion is p r eceded  by a b r i e f  init ial  period cha rac t e r i zed  by t r ans ien t  
condit ions.  According to Eq. (11), the  d i f fe rent ia l  f i l t ra t ion  equation takes  the f o r m  

dV ] = • (V T Vm). (21) 

Since according  to  the  assumed  model  the a v e r a g e  spec i f ic  r e s i s t a n c e  depends on the s l ip  veloci ty ,  it may  be 
r ep re sen t ed  by the equation 

• d_tt. (22) 
dV 

It follows f rom this equation that  a pa r t i cu la r  value of the  spec i f ic  r e s i s t a n c e  is t aken  for  the  initial  instant of 
f i l t ra t ion.  Combining (21) and (22), we obtain 

dr),, (• et 

o r  

After  making the subst i tut ion y = V § Vm we obtain the d i f fe rent ia l  equation 

dy ] ~y  y (25) 

with the initial conditions t = 0; V = 0; y = V m .  The  appl icabi l i ty  of the  equation for  descr ib ing  the  f i l t ra t ion 
of ce r t a in  suspens ions  of solid par t ic les  in Newtonian liquids was es tabl ished exper imenta l ly  in [8]. 

For  non-Newtonian liquids the gene ra l  equation (25) may be t r a n s f o r m e d  by the subst i tut ion 

dy = d V  = h. (26) 
dt dt 

We thus have 

Using the equations 

1 = Ah n-~ (B T h) y. (27) 

d9 : d9 dt dt = h . (28) 
dh dt dh dh 
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Fig. 3. Fi l t ra t ion of suspensions of calcium c a r -  
bora te  in carboxymethylce l lu lose  (n = 0.875). Con- 
tinuous curve)  exper imental ;  points) computed by 
means of Eq.  (36): 1) m = 33%, p = 3.2 tech .  a im,  
A = 6 . 3 3 - 1 0  -3 , B =0.160;  2) m =33%, p = 5 . 2 t e c h .  
a im,  A = 3 . 3 2 " 1 0  -3 , B =0.390;  3) m =33%, p = 9  
tech .  a im,  A = 1 .86 .10  -3, B = 0.537~ t ,  s e c .  

we obtain 

F r o m  Eq. 
(25): 

h d t fl.d__I i ] 
dh dh Ah n-~ (B + h) " 

(29) we may obtain an in teg roparamet r i c  solution of the genera l  form of the dif ferent ia l  equation 

dh, 
t =  -h- - ~  A(B + h) 

Sub stit~ting 

and r e m e m b e r i n g  the initial conditions 

y =  
I~ l--n 

A(B + h) 

f rom Eq. 

I dt dt 
g =  

h dy dV 

t = 0 ,  V = 0 ,  y=Vm,  

(31) we find the value of go such that Vm equals 

gg 
V.,-- A( l+Bgo)  

Allowing for the limits of integrat ion,  Eq. (30) thus takes the form 
g 

t = i [n - -  (ll(1--+n)Bx)BXl xndx 

go 

where 

y=V+Vm- gn 
A(1 + Bg) 

Subject to  the condition Vm = 0, Eq. (34) may be brought to  a form convenient for  numerical  calculations. 
D enot ing 

g 

[n --  (1 --  n) Bx] : d x  = _ to , 
A (1 + Bx)" 

o 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 
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we assume that the constant represents the initial period of transient isobaric filtration by analogy with (20). 
Equation (34) may be expressed in the form 

[n - -  (1 - -  n) Bx] xndx 
t A(1 + Bx) 2 ' + t~ (36) d 

0 

and regarding the resistance of the fabric as Vm ~ 0, we obtain 

y = V -- g" 
A(1 + Bg) 

The constant t o represents the initial transient period of isobaric filtration by analogy with Eqs. (14) and (20). 
The use of Eq. (36) to describe filtration is illustrated by the example of Fig. 3. The continuous curve gives 
the experimental data (19); the points were computed by means of Eq. (36), with a numerical determination of 
the parameters A, B, and t 0. We consider that Eq. (36) may be used as a model equation for describing the 
non-Newtonian filtration of several  types of systems.  

NOTATION 

A, B, coefficients; c, concentration of suspension in 1 g of solid phase per 1 cm 3 of liquid; e = e/(1 -- 
s), porosity function; g, h, variables; Jn, fiitration factor; K, permeability of deposit; k, consistency co- 
efficient; ki, parameter of porous layer; m, weight percent of solid phase in suspension; N, function; n, 
flow index; p, pressure in liquid; P, pressure of liquid over deposit; PI, pressure over filtration barrier; 
P0, pressure under filtration barr ier ;  Ps, pressure compressing the deposit; q, apparent filtration velocity; 
Rm, resistance of filtration barr ier ;  r ,  apparent velocity of solid particles in deposit; S, specific surface; 
T, curvature coefficient; t ,  time; t 0, function; ul, apparent filtration velocity at the level of the filtration 
barrier;  Up, apparent slip velocity; V, volume of filtrate per unit surface of the filtration barr ier ;  Vm, 
constant of filtration ba r r i e r ;  V 0, volume of filtrate in the initial period of isobaric filtration; w, weight of 
solid inthe deposit per unit filtration surface; x, coordinate, height; y, variable; q, specific resistance of 
deposit for Newtonian filtration; ~R, average specific resistance of deposit; B, coefficient; T, shear veloc- 
ity; T, generalized resistance[2]; ~, porosity; X, generalized resistance; XR, average generalized res is-  
tance; Pef, effective viscosity; ~, parameter of porous layer; Ps, density of solid phase; v, shear s t ress ;  
~, ~t, functions. 

L I T E R A T U R E  C I T E D  

1. S. Wronski, Chem. Tech., 20, 507 (1968). 
2. W. Kozicki, A. R. K. Rao, and C. Tin, Canad. J. Eng. Chem., 4-0, 313 (1968). 
3. P . A .  Shankin and G. L. Glichev, Khim. Volokna, 42, No. 2 (1970). 
4. S. Wronski, K. l~asinski, and J. Siwinski, Prace Inst. Inz. Chem. W-wa, 1, 372 (1972). 
5. W. Kozicki, A. R. K. Rao, and C. Tin, Chem. Eng. Sci., 2__77, 615 (1972). 
6. S. Wronski, K. l~tasinski, and J. Siwinski, Chem. Tech., 25, 273 (1973); Ekspress-Inform.: Prots. 

App. Khim. Proiz., No. 16, Abs. 119 (1974). 
7. S. Wronski and L. K. I~skowski, Prace Inst. Inz. Chem. W-wa, 3, 87 (1974). 
8. S. Wronski and L. K. Laskowski, Chem. Tech., 2.77, 88 (1975). 
9. R . H .  Christopher and S. Middleman, Ind. Eng. Chem, Fund., 4, 422 (1965). 

10. F . M .  Tiller and M. Shirato, AIChE J., 1-0, 61 (1964). 
11. M. Shirato, M. Sambuichi, H. Kato, and T. Aragaki, AIChE J., 1__55, 405 (1969). 
12. B . A .  Shepman and C. F. Cornell, Sewage Ind. Wastes, 2_~8, 1443 (1966). 
13. E. Zingier, in: Advances in Water Pollution, Fifth International Conference, Vol. 1, Pergamon Press 

(1971). 
14. I . S .  Turovskii, Khim. Mash., 1_~7, No. 2 (1962). 
15. A . M .  Nudel' et al., Teor.  Osn. Khim. Tekhnol., 6, 934 (1972). 
16. M. Spivak and V. D. Ponomarev, Tsvetn. Met., 4__6, No. 6 (1968). 
17. P . L .  Zuidewald and P. M. Heertjes, Chem. Eng. Dec., 979 (1973). 
18. T . A .  Malinovskaya, Teor.  Osn. Khim. Tekhnol., 9, 76 (1975). 
19. M. Bilevich, Author's Abstract of Dissertation, Institute of Engineering Chemistry, Warsaw (1975). 

668 


